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Sudakov Logarithms in Four-Fermion Electroweak Processes at High
Energy
S. Mocha
a Deutsches Elektronen-Synchrotron, DESY, Platanenallee 6, 15738 Zeuthen, Germany
We discuss recent results for the asymptotic behavior of fermion scattering amplitudes in the Sudakov limit.
The results include next-to-next-to-leading logarithmic electroweak corrections and are used for the analysis of
fermion-antifermion pair production in e+e− annihilation at high energy. The importance of the subleading
logarithmic contributions is emphasized and the fermionic contributions to the Abelian form factor at two loops
are discussed.
1. Introduction
Four-fermion processes are generally consid-
ered as benchmark processes at high energy col-
liders, with electron positron annihilation into
muon or quark pairs at LEP and the Drell Yan
process at hadron colliders as characteristic ex-
amples. At energies presently accessible, typically
up to 200 GeV, radiative corrections are dom-
inated by the shift in the W and Z masses as
parametrized by the ρ parameter and by the run-
ning of the coupling constant. Vertex corrections
and box diagrams involving gauge bosons are gen-
erally of minor importance. In the TeV region,
which will be probed at future colliders like the
LHC or TESLA, this picture changes drastically.
There, double logarithmic corrections become rel-
evant and rapidly dominant. They were first ob-
served by Sudakov [1] in the context of Quantum
Electrodynamics for reactions with cuts on the
radiated energy of the photons. For electroweak
interactions, the large negative corrections arise
from the exchange of gauge bosons which remain
uncompensated if one restricts the analysis to ex-
clusive final states, consisting for instance of a
fermion antifermion pair only.
Complete one-loop corrections to the four-
fermion process are available since long (see e.g.
[2]). In recent years, the systematic study of
double logarithmic electroweak corrections has re-
ceived a lot of attention [3–9], (see [10] for a re-
view). While these studies are fairly straightfor-
ward for a theory with massive gauge bosons only,
an important complication arises in the Standard
Model due to the presence of massless photons in
the final state. Events with soft and hard pho-
ton radiation are normally included in the sam-
ple, thus a “semi-inclusive” definition of the cross
section is closest to the experimental analysis.
At present, all large contributions up to
the next-to-next-to-leading logarithms have been
evaluated [9] for the form factor, for four-fermion
scattering in a spontaneously broken SU(2) gauge
theory and, last not least, for the Standard Model
with W , Z-bosons and the massless photon. In
addition, other reactions have been investigated
in the high energy limit, such as gauge boson pair
production. There, the next-to-leading logarith-
mic terms have been calculated [11,12] for the
exclusive production of transversly and longitudi-
nally polarized W -bosons. But even in inclusive
boson fusion processes, enhanced electroweak cor-
rections are present [13], a consequence of the lack
of compensation between virtual and real emis-
sion due to the non-Abelian charges of the in-
coming particles.
2. The Abelian form factor
Let us begin with a discussion of the form factor
of an Abelian vector current in the Sudakov limit.
In Born approximation, one writes
FB = ψ¯(p2)γµψ(p1), (1)
and we study the limit s = (p1 − p2)
2 → −∞
with on-shell massless fermions, p21 = p
2
2 = 0, and
massive gauge bosons, M2 ≪ −s. For conve-
nience we choose p1,2 = (Q/2, 0, 0,∓Q/2) so that
2p1 ·p2 = Q
2 = −s.
The large logarithmic corrections in the Su-
dakov limit can be resummed to all orders of per-
turbation theory [14,15], such that the asymp-
totic behavior of the form factor is obtained from
F = F0(α(M
2)) exp
{∫ Q2
M2
dx
x
(2)
×
[∫ x
M2
dx′
x′
γ(α(x′)) + ζ(α(x)) + ξ(α(M2))
]}
FB.
The resummation exploits the factorization of the
scattering amplitude in the high energy limit into
products of functions h, J and S, which organize
the large corrections corresponding to a particular
momentum region. The jet function J contains
the full dynamics of collinear momentum regions.
It includes all leading logarithms. The soft func-
tion S summarizes the dynamics of soft momenta,
while the function h describes the short distance
dynamics of the hard scattering process. It con-
tains no large logarithms. The predictive power
of the factorized amplitude then follows from the
properties of the individual functions. In particu-
lar, J and S can be defined in terms of operators,
which obey renormalization group equations with
calculable anomalous dimensions [14–18].
The next-to-next-to-leading logarithmic cor-
rections include all the terms of the form
αn log2n−m(Q2/M2) with m = 0, 1, 2. To this
accuracy, one needs for the anomalous dimensions
γ, ζ and ξ in Eq. (2) the one-loop results
γ(1) = −2CF , ζ
(1) = 3CF , ξ
(1) = 0 ,
F
(1)
0 = −CF
(
7
2
+
2
3
π2
)
, (3)
as well as the two-loop result [19] for the anoma-
lous dimension γ(2), where we define γ =(
α
4pi
)
γ(1) +
(
α
4pi
)2
γ(2) + . . . and similarly for ζ,
ξ and F0.
In the MS-scheme, including nf light fermions
and ns light scalars in the fundamental represen-
tation, γ(2) reads
γ(2) =
−2CF
[(
67
9
−
π2
3
)
CA −
20
9
TFnf −
8
9
TFns
]
, (4)
It is instructive, to expand Eq. (2) for the form
factor at two loops up to next-to-next-to-next-to-
leading logarithmic (N3LL) accuracy,
F
(2)
LL =
1
8
(γ(1))2 ln4(z)FB, (5)
F
(2)
NLL =
1
2
(
1
3
β0 − ζ
(1)
)
γ(1) ln3(z)FB, (6)
F
(2)
N2LL =
1
2
(
γ(2) +
(
ζ(1) − β0
)
ζ(1)
+F
(1)
0 γ
(1)
)
ln2(z)FB, (7)
F
(2)
N3LL = −
(
ζ(2) + ξ(2) + F
(1)
0 ζ
(1)
)
ln(z)FB, (8)
where z =M2/Q2.
Employing the results of Eqs. (3) and (4), we
see a particular pattern of growing coefficients of
the logarithms, which reflects the general struc-
ture of logarithmically enhanced electroweak cor-
rections. The relatively small coefficient of the
leading logarithm and the large coefficient of the
N2LL term in the form factor are clearly indica-
tive of the importance of subleading logarithmic
corrections. At N3LL accuracy, the still unknown
quantities ζ(2) and ξ(2) enter.
Finally, we mention an equivalent approach to
calculate the anomalous dimensions in Eq. (2).
This is the so-called strategy of regions [20–22],
which applies expansions in various kinematical
regions directly to Feynman diagrams contribut-
ing to the form factor. From an evaluation of the
Feynman diagrams to logarithmic accuracy, one
may read off the results of Eqs. (3) and (4).
3. Electroweak four-fermion processes
Let us now investigate the four-fermion scat-
tering at fixed angles in the limit when all the
invariant energy and momentum transfers of the
process are far larger than the gauge boson mass,
|s| ∼ |t| ∼ |u| ≫M2.
For the analysis of the four-fermion amplitude,
one has to account for the different “color” and
Lorentz structures, which naturally induce the
dependence on s, t and u. A complete basis con-
sists of four independent chiral amplitudes, each
of them of two possible “color” structures.
Let us denote by A˜ the amplitude with the
collinear logarithms factored out. It contains only
the logarithms of soft nature and can be repre-
sented as a vector in the color/chiral basis. It sat-
isfies an evolution equation which is known from
QCD [16,18,23–25],
∂
∂ lnQ2
A˜ = χ(α(Q2))A˜ . (9)
Here χ(α) is the matrix of the soft anomalous di-
mensions, given for instance in [5,24,25], and the
matrix elements of χ(α) depend on the scattering
angle through t and u. Upon integration, eq. (9)
resums all next-to-leading logarithms.
The solution of eq. (9) reads
A˜ =
∑
i
A˜0i(α(M
2)) exp
[∫ Q2
M2
dx
x
χi(α(x))
]
, (10)
where χi(α) are eigenvalues of χ(α), and A˜0i(α)
are Q-independent eigenvectors of χ(α) which are
determined by matching the initial conditions for
the evolution equation at Q = M to a full one-
loop calculation to logarithmic accuracy including
the constant terms.
These angular dependent terms as well as those
in the starting values of A˜ discussed below are im-
portant for the calculation of the N2LL terms in
cross sections and asymmetries. To illustrate the
significance of the subleading contributions, let us
discuss a standard model inspired example such
as the case of the SU(2)L group with nf = 6 and
one scalar boson. After integrating the differen-
tial cross section over all angles one obtains
σ(1) =
[
−3 ln2
( s
M2
)
+
80
3
ln
( s
M2
)
−
(
25
9
+ 3π2
)]
σB ,
σ(2) =
[
9
2
ln4
( s
M2
)
−
449
6
ln3
( s
M2
)
+
(
4855
9
+
37
3
π2
)
ln2
( s
M2
)]
σB , (11)
if initial and final state fermions have the same
isospin. Again we observe a relatively small co-
efficient of the leading logarithm and the large
coefficient of the N2LL term.
To analyze the electroweak correction to the
process f ′f¯ ′ → f f¯ , the approximation with W
and Z bosons of the same mass M , a Higgs bo-
son of the mass MH ∼ M and massless quarks
and leptons is employed. A fictitious photon mass
λ has to be introduced to regularize the infrared
divergences. The photon is, however, massless
and the corresponding infrared divergent contri-
butions should be accompanied by the real soft
photon radiation integrated to some resolution
energy ωres to get an infrared safe cross section in-
dependent of an auxiliary photon mass. To study
the virtual corrections in the limit of the van-
ishing photon mass the general approach of the
infrared evolution equations developed in [6] (see
also references therein) is particularly useful.
Explicit expressions for the N2LL results are
given in [9]. Numerically, for the reaction e+e− →
µ+µ− as a typical example, one obtains a correc-
tion factor
Rµ
+µ− = 1− 1.39L(s) + 10.12 ℓ(s)− 31.33 a
+1.42L2(s)− 18.43L(s)ℓ(s) + 99.89 ℓ2(s) (12)
with a = g2/16π2 = 2.69·10−3, ℓ(s) = a ln s/M2,
L(s) = a ln2 s/M2. In particular, we note the
sizeable coefficient of the N2LL term, thus demon-
strating the importance of the subleading loga-
rithmic corrections. To get the infrared safe re-
sult for the semi-inclusive cross sections one has
to include the standard QED corrections due to
soft photon emission and the pure QED virtual
corrections.
4. Fermionic contributions at two loops
In view of the large subleading logarithms, it
seems desirable to attempt the evaluation of all
two-loop terms linear in the logarithm or even of
the two-loop constant terms.
As a first step, the corrections due to nf mass-
less fermions and ns charged massless scalars in
the fundamental representation have been calcu-
lated for the Abelian form factor [26]. Let us de-
fine the form factor in terms of scaling functions
as
F
FB
= 1 +
α
4π
F (1)+
α2
16π2
(
nfF
(2)
nf
+ nsF
(2)
ns
)
.(13)
In the high energy limit, i.e. z = M2/Q2 → 0,
the large logarithms in the scaling functions are
F (1) = − ln2(z)− 3 ln(z)−
7
2
−
2
3
π2 , (14)
F (2)nf =
4
9
ln3(z) +
38
9
ln2(z) +
34
3
ln(z) +
115
9
+
16
27
π2 , (15)
F (2)ns =
1
9
ln3(z) +
25
18
ln2(z) +
23
6
ln(z) +
157
36
+
10
27
π2 , (16)
where the terms up to ln2(z) in Eqs. (15) and (16)
agree with the result from the evolution equation,
i.e. Eqs. (5)–(7). The coefficients of the terms
proportional to ln(z) in Eqs. (15) and (16) are a
new result [26]. With the help of Eq. (8), one can
determine the contributions of light fermions and
light charged scalars to the sum of the anomalous
dimensions ζ(2) and ξ(2),
ζ(2) + ξ(2)
∣∣∣∣∣
nf+ns
= −CF
[
34
3
TFnf +
23
6
TFns
]
. (17)
To study the numerical size of the logarithmic
approximation of Eq. (15), we plot F
(2)
nf in Fig. 1
for a typical mass scale of M = 100 GeV. We
show the complete result as calculated in Eq. (15)
and the individual contributions of the large log-
arithms. We observe again the pattern of large
cancellations between leading and subleading log-
arithms.
Finally, we note that the fermionic contribu-
tion to γ(3) at three loops has recently been cal-
culated [27,28]. Together with the two-loop con-
stant terms in Eq. (15), this result is a step to-
wards the determination of the first five powers of
logarithms of nf -enhanced terms in the Abelian
form factor to all orders in perturbation theory.
Furthermore, with the known factorization prop-
erties of the full four-fermion amplitude [29–31],
the result of Eq. (15) can even be used to get the
complete fermionic contribution at two loops to
logarithmic accuracy.
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Figure 1. The fermionic contribution F(2)nf of the
Abelian form factor at two loops. Plotted are the
complete result of Eq. (15), as well as the individual
contributions of the large logarithms.
5. Conclusions
We have discussed the asymptotic behavior of
the four-fermion scattering amplitudes in the Su-
dakov limit. We have emphasized the close con-
nection between factorization and resummation
and derived explixcit expressions for the next-to-
next-to-leading logarithmic electroweak correc-
tions with the help of evolution equations.
The subleading logarithmic corrections were
found to be sizeable and motivated the exact two-
loop calculation of the fermionic contribution to
the Abelian form factor.
The studies presented here are a first step to-
wards refined precision analyses of the high en-
ergy asymptotic behavior of four-fermion ampli-
tudes in non-Abelian gauge models and the Stan-
dard Model.
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